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Abstract. Primordial cosmological perturbations are the seeds that were cultivated by infla-
tion and the succeeding dynamical processes, eventually leading to the current Universe. In
this work, we investigate the behaviour of the gauge-invariant scalar and tensor perturbations
under the general extended disformal transformation, namely, gµν → A(X,Y,Z)gµν +ΦµΦν ,
where X ≡ −12φ;µφ;µ, Y ≡ φ;µX;µ, Z ≡ X ;µX;µ and Φµ ≡ Cφ;µ + DX;µ, with C and D
being a general functional of (φ,X, Y, Z). We find that the tensor perturbation is invariant
under this transformation. On the other hand, the scalar curvature perturbation receives a
correction due the conformal term only; it is independent of the disformal term at least up
to linear order. Within the framework of the full Horndeski theory, the correction terms turn
out to depend linearly on the gauge-invariant comoving density perturbation and the first
time-derivative thereof. In the superhorizon limit, all these correction terms vanish, leaving
only the original scalar curvature perturbation. In other words, it is invariant under the
general extended disformal transformation in the superhorizon limit, in the context of full
Horndeski theory. Our work encompasses a chain of research studies on the transformation
or invariance of the primordial cosmological perturbations, generalising their results under
our general extended disformal transformation. Apart from the cosmological perturbations,
this work and the transformation considered herein, give us strong impetus to go beyond the
current horizon of scalar-tensor theories.
Keywords: inflation, primordial cosmological perturbation, disformal transformation,
Horndeski action
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1 Introduction
It is part of our insatiable curiosity about the Universe to peek into the content of the past.
In the grand scheme of things, our knowledge of the past allows us to connect it to the
present, and when these two are combined, they may enable us to predict what holds for
the future. The theory of cosmic inflation [1–6]—a rapid exponential expansion of the early
Universe—is nowadays considered an integral part of modern cosmology dealing with the
physical “history” of the Universe. While inflation could have lasted for a very short amount
of time, taking a tiny slice in the spectrum of the past, the theory finds its relevance in
solving the relatively long standing horizon and flatness problems that were then plaguing
the standard Big Bang cosmology [7]. Furthermore, inflation takes us to the fundamental
level of our main interest in this work namely, primordial cosmological perturbations—the
seeds that gave birth to what we nowadays observe as galaxies and clusters of galaxies.
Although cosmic inflation may appear as a rather simple phenomenon of a rapidly ex-
panding spacetime, considering how it could be brought about and end, and the possible
differences in the dynamics of quantum field(s) involved, there is a plethora of models de-
scribing it. For single-field inflation alone, the plurality may include the simplest canonical
single field inflation [8, 9], the kinetically driven inflation involving a “pressure” functional
[10, 11], and inflation models with non-minimally coupled term(s) [12, 13], amongst oth-
ers. In spite of the multitude of models however, all of them have to take into account the
primordial cosmological perturbations [14, 15] and connect them to something that can be
observed or measured; e.g., power spectrum, tensor-to-scalar ratio, etc. The final arbiter of
an ensemble of competing theories is always a good set of experiments.
Having said this, we have plenty of reasons to also look into the mathematical aspects of
primordial cosmological perturbations as one goes from one theory to another, perhaps with
greater level of generality. One may see for instance, that these perturbations are invariant
under conformal transformation in dealing with a non-minimally coupled inflation models;
see for instance, Ref. [16–18] . Using this knowledge may allow one to perform calculations
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in the more general model with ease and simplicity as in the derivation of non-gaussianity
[19, 20], adiabatic regularisation of power spectrum [21, 22], or the mere calculation of power
spectrum. Furthermore, knowledge of invariance or transformation properties of primordial
cosmological perturbations may facilitate in relating one model of inflation to another. From
a generalist perspective, it is also interesting to understand how these perturbations may
vary (or remain invariant) under a general transformation within the framework of a general
inflation model; thus, allowing us to make general insight(s) or conclusion(s) on a possibly
wide array of inflation theories contained within the general framework under consideration.
The (covariantised) Galileon inflation [23, 24] is the most general single-field model of
inflation with a second-order corresponding set of equations of motion consistent with the
requirement to evade the Ostrogradsky instability [25]. The corresponding action is actually a
“rediscovery”[26, 27] of the Horndeski action [28, 29] established about four decades earlier.
In Ref. [30], the authors showed that the Horndeski action is form-invariant under the
transformation [31] of the metric gµν , that we call here special disformal transformation,
given by
gµν → ĝµν = A(φ)gµν +B(φ)φ;µφ;ν , (1.1)
where φ is a scalar inflaton field, (A,B) are functionals of φ and subject to some (physi-
cal) constraints (e.g., invertibility of the metric and causality), and the semicolon denotes
covariant derivative. Interestingly, viewing the Horndeski theory as an inflation theory, it
was shown that the gauge-invariant scalar and tensor perturbations are invariant under the
special case of disformal transformation given above [32].
This work aims to look into the transformation (or invariance) of the gauge-invariant
primordial cosmological perturbations [33]—in particular, the scalar curvature and tensor
perturbations—under the general extended disformal transformation encompassing (1.1),
given by
gµν → ĝµν = A(φ,X, Y, Z)gµν +ΦµΦν , (1.2)
where
X ≡ −12gµνφ;µφ;ν , Y ≡ gµνφ;µX;ν , and Z ≡ gµνX;µX;ν , (1.3)
with
Φµ ≡ C(φ,X, Y, Z)φ;µ +D(φ,X, Y, Z)X;µ. (1.4)
This study may be seen as a part of a “series” of articles with different groups of authors
investigating the transformation properties of the primordial cosmological perturbations un-
der more and more general disformal transformation. After the publication of Ref. [32]
wherein A and B are both taken as functionals of φ alone, Ref. [34] showed that when B
is a functional of both (φ,X) while keeping A = A(φ), the scalar and tensor perturbations
remain invariant at least at linear order.1 Following this is Ref. [36] (see also Ref. [37]) which
further generalised the result in Ref. [32] by considering a general disformal transformation
where A = A(φ,X) and B = B(φ,X). This time the curvature perturbation is found to
1The result in Ref. [35] wherein the cosmological perturbations are found to be invariant under pure
disformal transformation namely, gµν → gµν + B(φ,X)φ;µφ;ν , may be considered as intermediate between
those in Refs. [32, 34]
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be no longer invariant. However, the correction term in the expression for the disformally
transformed perturbation turns out to be proportional to some slow-roll parameter. At su-
perhorizon scales, this correction term vanishes. Since physical observables such as power
spectrum and tensor-to-scalar ratio involve superhorizon modes, they remain invariant under
the general disformal transformation in Ref. [36] where both A and B depend on (φ,X).
Along the line of these developments we would like to show the following two facts in the
present paper:
(i) Under the transformation (1.2), the gauge invariant curvature perturbation receives
corrections only due to the conformal term A. In other words the corrections do not
depend on the disformal part of (1.2) in spite of its rather involved form.
(ii) The corrections in the curvature perturbation can be expressed in terms of the comoving
density perturbation and its time-derivative which disappear on the superhorizon scale.
These two findings, (i) and (ii), give us a strong impetus to look for a more general class
of scalar-tensor theories with the aid of (1.2) than those considered in literatures. The form of
the general extended disformal transformation given by (1.2) can be somewhat badly intrigu-
ing. For one thing, this transformation will certainly “push” the Horndeski action outside
the set of possible Horndeski forms (with second order equations of motion). Nonetheless, it
is apparent in Ref. [30] that even the slightest addition of dependency of either A or B on X
will make the transformed Horndeski action no longer of the original Horndeski form. And we
find somewhat of an excuse in Refs. [34, 36] wherein the X dependence is considered in the
investigation of the disformal transformation of primordial cosmological perturbations. We
now know that the addition of X-dependence in the transformation of the Horndeski action
is not necessarily a bad thing even if the equations of motion can exceed second order, as long
as there are suitable constraints, as in the GLPV theory [38] (see also Refs. [39–42]), that can
be imposed to prevent the existence of ghosts. Our general extended disformal transforma-
tion takes its “inspiration” from the transformation of terms in the Horndeski action under
the special disformal transformation, gµν → A(φ)gµν + B(φ)φ;µφ;ν , that yields expressions
involving φ,X, Y, andZ. Although terms involving Y and Z are cancelled, “eaten” up by the
Riemann or Ricci tensor, or integrated away, to yield the same form as the original Horn-
deski action under this restricted transformation, driven by curiosity, we are compelled to
look into the effect of adding dependence on (Y,Z) and taking φ;µ to Φµ in the cosmological
perturbation, even though this may mess up the resulting action.
For the case at hand, the existence of ghost/Ostrogradsky instability in the transformed
Horndeski action is apparent in the absence of suitable constraints or conditions. We offer no
assurance of “cure” as we leave this matter for future studies; although see Sec. 4 for some
insights. The main focus is on our modest objective to look into the transformation of the
primordial cosmological perturbations—the gauge-invariant scalar and tensor perturbations
in particular—under the general disformal transformation stated above. In Secs. 2 and 3
we perform derivations to meet this objective. Following this, in Sec. 4, we look into the
transformation of some important terms in the Horndeski action (e.g., Ricci tensor and scalar
curvature) to give us an insight about the nature of the resulting Horndeski action. In the
last section, we state our conclusion and future prospects.
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2 Transformation of the Gauge-Invariant Scalar and Tensor Perturbations
We start the calculation2 of the possible transformation of the primordial cosmological pertur-
bations, under the general extended disformal transformation given by (1.2), by considering a
perturbed metric (involving SVT-decomposed perturbations) about the Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) background spacetime, given by3
ds2 = −(1 + 2ϕ)dt2 + 2a(α,i + βi)dt dxi
+ a2
[
(1− 2ψ)δij + γij + 2E,ij + 2F(i,j)
]
dxidxj, (2.1)
where a = a(t) is the scale factor, (ϕ,α, ψ,E) are scalar perturbations, and the vector (βi, Fi)
and tensor perturbations (γij) satisfy the following conditions:
∂iβi = ∂
iFi = 0 and γ
i
i = ∂
iγij = 0. (2.2)
The comma in the expression for the perturbed metric above signifies partial differentiation.
Under the general extended disformal transformation given by (1.2), the transformed
metric that we write here with a “hat”, becomes
dŝ 2 = ĝµνdx
µdxν = (Ag00 +Φ
2
0)dt
2 + 2(Ag0i +Φ0Φi)dtdx
i + (Agij +ΦiΦj)dx
idxj. (2.3)
The field φ in the functional A can be expressed to linear order as a sum of its background
value (denoted with a bar) and a perturbation about it, namely, φ(t, ~x) = φ¯(t)+ δφ(t, ~x). By
virtue of the definition for X, this has as a consequence,
X = X¯ + δX = 12
˙¯φ
2 − ( ˙¯φ2ϕ− ˙¯φ δφ˙). (2.4)
Furthermore, Φ0 = Φ¯0 + δΦ0, with δΦ0 being a first-order perturbation, while Φi is already
first order. The quantity A in the disformal transformation can also be written in the same
way as A = A¯+ δA. Consequently, the transformed metric becomes
dŝ 2 = −(A¯+ δA+ 2A¯ϕ− Φ¯20 − 2Φ¯0 δΦ0)dt2 + 2aA¯
1
2
[
A¯
1
2 (α,i + βi) + Φ¯0Φi/(aA¯
1
2 )
]
dtdxi
+ a2A¯
[
(1− 2ψ + δA/A¯)δij + γij + 2E,ij + 2F(i,j)
]
dxidxj . (2.5)
If we switch off the perturbations, the hatted metric becomes dŝ 2 = −(A¯ − Φ¯20)dt2 +
a2A¯ δij dx
idxj, which, following the form of the background FLRW metric, is suggestive of
coordinate time and scale factor scaling. Following the idea for pure conformal transformation
as in Ref. [19], we then define the hatted time coordinate and scale factor as
dt̂ 2 ≡ (A¯− Φ¯20)dt2 and â ≡ aA¯
1
2 , (2.6)
With these definitions, together with the hatted perturbation variables, we may alternatively
write the transformed metric as
dŝ 2 = −(1 + 2ϕ̂)dt̂ 2 + 2â(α̂,i + β̂i)dt̂ dxi + â2
[
(1− 2ψ̂)δij + γ̂ij + 2Ê,ij + 2F̂(i,j)
]
dxidxj.
2Our calculation here follows the same logic by Motohashi and White presented in Ref. [36].
3We are using the metric signature (−,+,+,+).
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Comparing the two equations above for the transformed metric will allow us to find the
relationships between the transformed perturbation variables and the original ones.
For the 00-component we find
ϕ̂ =
(
ϕ+
δA
2A¯
− Φ¯0
A¯
δΦ0
)(
1− Φ¯
2
0
A¯
)−1
. (2.7)
For the 0i-components we have
2â(α̂,i + β̂i) =
2â
[
A¯
1
2 (α,i + βi) + Φ¯0Φi/(aA¯
1
2 )
]
(A¯− Φ¯20)1/2
(2.8)
Noting that Φi can be expressed to linear order as Φi = C¯φ,i + D¯ δX,i, where C¯ and D¯ are
the background values of C and D respectively, we can decompose the above equation for α̂
and β̂i as
α̂ =
[
α+
Φ¯0
aA¯
(
C¯ δφ+ D¯ δX
)](
1− Φ¯0
A¯
)− 1
2
,
β̂i = βi
(
1− Φ¯0
A¯
)− 1
2
. (2.9)
Lastly, for the ij-components, comparison of the (spatial parts of the) two hatted metrics
yield
ψ̂ = ψ − δA
2A¯
,
γ̂ij = γij,
Ê = E,
F̂ = F. (2.10)
We thus, find that of the two perturbations we are mainly interested in, namely, the gauge-
invariant scalar and tensor perturbations, the latter is invariant under the general extended
disformal transformation, at least up to linear order. Needless to say, this translates to
invariance of the tensor power spectrum, graviton non-gaussianity [43], etc., under the general
extended disformal transformation given by (1.2).
We now move on to the gauge-invariant scalar curvature perturbation. It is defined as
Rc ≡ −ψ − H˙¯φ
δφ, (2.11)
where H is the Hubble parameter given by H ≡ a˙/a, with the dot indicating ordinary
time derivative. Corresponding to this is the disformally transformed (hatted) curvature
perturbation given by
R̂c = −ψ̂ − Ĥ
dφ¯/dt̂
δφ, (2.12)
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where Ĥ = (dâ/dt̂)/â. Observe that Ĥ expressed in relation to H, involves the (background)
disformal term Φ¯0, by virtue of (2.6) relating dt̂ and dt.
Ĥ =
(
H +
˙¯A
2A¯
)(
A¯− Φ¯20
)− 1
2 . (2.13)
On the other hand, ψ̂ by virtue of (2.10), carries the dependence on the conformal term.
However, for Ĥ, because R̂c involves the ratio of Ĥ and dφ¯/dt̂, the second factor on the right
hand side of (2.13) cancels. Consequently,
R̂c = Rc + δA
2A¯
−
˙¯A
2A¯
δφ
˙¯φ
. (2.14)
The gauge-invariant curvature perturbation R̂c expressed in relation to Rc, does not explic-
itly depend on the disformal term in the general extended disformal transformation (1.2);
the added term to Rc depends only on the conformal term A, field φ, and its variation. The
absence of the disformal term appears as a sort of general characteristic of the disformally
transformed gauge-invariant curvature perturbation (at least up to linear order) expressed
in terms of the original perturbation. With the assumption of FLRW background spacetime
and the inflaton decomposition φ(t, ~x) = φ¯(t) + δφ(t, ~x), we can make our general extended
disformal transformation even more general by modifying the disformal term, say, including
dependence of C and D on X ;µνX;µν ; the consequence will nonetheless not affect the trans-
formation of R̂c at least at the linear level. The correction term, as what we find, is mainly
anchored on the conformal part of the general extended disformal transformation.
3 Correction Terms in the Gauge-Invariant Curvature Perturbation
Looking at the equation for R̂c given by (2.14), we see that the only term that requires our
attention for simplification is the second term on the right hand side involving the variation
of conformal factor δA. Since A is a functional of (φ,X, Y, Z), this variation divided by A¯
can be “spelled out” as
δA
A¯
=
A¯,φ¯
A¯
δφ+
A¯,X¯
A¯
δX +
A¯,Y¯
A¯
δY +
A¯,Z¯
A¯
δZ. (3.1)
For the first term on the right hand side, from the equation for the ordinary derivative of A¯
with respect to time, we can write the equation for A¯,φ¯/A¯ as
A¯,φ¯
A¯
=
˙¯A
˙¯φA¯
− A¯,X¯
A¯
˙¯X
˙¯φ
− A¯,Y¯
A¯
˙¯Y
˙¯φ
− A¯,Z¯
A¯
˙¯Z
˙¯φ
. (3.2)
The variations of X,Y, and Z in the last three terms in (3.1) can be computed following their
definitions given by (1.3). With the equation for X already given by (2.4), we have for Y
and Z to linear order,
Y = Y¯ + δY = − ˙¯φ2 ¨¯φ+ (4 ˙¯φ2 ¨¯φϕ+ ˙¯φ3ϕ˙− 2 ˙¯φ ¨¯φ δφ˙ − ˙¯φ2 δφ¨),
Z = Z¯ + δZ = − ˙¯φ2 ¨¯φ2 + (6 ˙¯φ2 ¨¯φ2ϕ+ 2 ˙¯φ3 ¨¯φϕ˙− 2 ˙¯φ ¨¯φ2 δφ˙− 2 ˙¯φ2 ¨¯φ δφ¨). (3.3)
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Using the background values of X,Y, and Z to compute for ˙¯X, ˙¯Y, and ˙¯Z, in the equation
for A¯,φ¯/A¯ above, we find
A¯,φ¯
A¯
=
˙¯A
˙¯φA¯
− A¯,X¯
A¯
¨¯φ+
A¯,Y¯
A¯
(
2 ¨¯φ
2
+ ˙¯φ
...
φ¯
)
+ 2
A¯,Z¯
A¯
¨¯φ
( ¨¯φ2 + ˙¯φ ...φ¯). (3.4)
Performing substitution from this equation, and (2.4) and (3.3) for δX and (δY, δZ) re-
spectively, in (3.1) for δA, we find upon using the result in the equation for R̂c given by
(2.14)
R̂c = Rc −
A¯,X¯
2A¯
( ˙¯φ2ϕ+ ¨¯φ δφ− ˙¯φ δφ˙)
+
A¯,Y¯
2A¯
[ ˙¯φ2(4 ¨¯φϕ+ ˙¯φϕ˙)+ (2 ¨¯φ2 + ˙¯φ ...φ¯) δφ− 2 ˙¯φ ¨¯φ δφ˙ − ˙¯φ2 δφ¨]
+
A¯,Z¯
A¯
¨¯φ
[ ˙¯φ2(3 ¨¯φϕ+ ˙¯φϕ˙)+ ( ¨¯φ2 + ˙¯φ ...φ) δφ − ˙¯φ( ¨¯φ δφ˙ + ˙¯φ δφ¨)]. (3.5)
In the limit where the conformal factor does not depend on both (Y,Z), the general
extended disformal transformation given by (1.2) reduces to
gµν → ĝµν = A(φ,X)gµν +ΦµΦν , [Φµ = C(φ,X)φ;µ +D(φ,X)X;ν ], (3.6)
which is still an effective “superset” of the general disformal transformation in Ref. [36] where
D = 0. As mentioned above however, the presence of D does not affect the transformation
of Rc (and the tensor perturbation γij) at least up to linear order. With the special case
given by (3.6), the equation for the curvature transformation reduces to
R̂c = Rc −
A¯,X¯
2A¯
( ˙¯φ2ϕ+ ¨¯φ δφ − ˙¯φ δφ˙), (3.7)
which is the same result in Ref. [36] wherein D = 0. Furthermore, it is apparent that when
the conformal factor has no dependence on X, the curvature perturbation is disformally
invariant within the special contexts in Refs. [32, 34] which are effectively special cases of
Ref. [36].
In their study of adiabatic and entropy perturbations within the framework of multi-
field scalar field inflation, the authors of Ref. [44] with respect to the original formulation
of gauge-invariant variables in Ref. [33], identified the negative of the expression inside the
pair of parentheses in (3.7) as a gauge-invariant comoving density perturbation, namely,
ǫm =
˙¯φ δφ˙ − ˙¯φ2ϕ− ¨¯φ δφ. (3.8)
Within the inflation framework they investigated, they showed that based on energy and
momentum constraints, ǫm ∼ k2/a2, where k is the comoving wavenumber. It follows that in
the same framework, for superhorizon modes, ǫm ∼ 0. This is consistent with later work in
Ref. [45] tackling adiabatic modes in canonical single-field inflation and multi-field inflation.
Within the framework of full Horndeski theory in the context of cosmic inflation, Ref. [36]
showed that ǫm ∼ k2/a2H2, as in the canonical inflation (see Eq. (2.29) in the mentioned
reference); consequently, ǫm vanishes in the superhorizon limit. Alternatively, the authors
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found that based on momentum constraint, ǫm ∼ R˙c, indicating that an alternative sufficient
condition for ǫm to vanish, and hence, for the relation R̂c = Rc to hold, is for Rc to remain
constant. This is consistent with the first condition since Rc approaches a constant value in
the superhorizon limit.
For the case at hand, the conformal factor has Y - and Z- dependencies in addition to
(φ,X) and needless to say, we have a more general and more complicated relationship given
by (3.5). With the explanations in the preceding paragraphs, the first correction term is no
longer a problem as it is guaranteed to vanish in the superhorizon limit at least in the full
Horndeski theory. For the second and third correction terms, we are fortunate for the last
two terms in (2.14) involving δA to “conspire” with the definitions of their dependencies on
(X,Y,Z) given by (1.3). As it turns out, with reference to the definition of ǫm given by (3.8),
we can rewrite the equation for R̂c given by (3.5) as
R̂c = Rc +
A¯,X¯
2A¯
ǫm −
A¯,Y¯
2A¯
(
2 ¨¯φǫm +
˙¯φǫ˙m
)− A¯,Z¯
A¯
¨¯φ
( ¨¯φǫm + ˙¯φǫ˙m). (3.9)
The terms accompanying Rc on the right hand side all involves ǫm or time-derivative thereof!
As such, following the reasoning in Ref. [36], in the full Horndeski theory, all the terms
involving ǫm above vanishes in the superhorizon limit. On the other hand, for terms involving
ǫ˙m, because in this theory, ǫm ∼ (k/aH)2, we find after a short calculation that ǫ˙m ∼ (k/aH)2
as well. Physically, if ǫm is to vanish in the superhorizon limit (during which primordial
cosmological perturbations are “outside” the horizon) and if it is to hold for sufficiently long
amount of time, its time derivative should be nearly zero if not vanishing as well. It is worth
noting that the relation above between R̂c and Rc holds for any gauge. We conclude that
under the general extended disformal transformation given by (1.2) yielding the transformed
equation (3.9) for the gauge-invariant curvature perturbation to linear order, within the
framework of the full Horndeski theory, R̂c = Rc in the superhorizon limit.
4 An Insight into the Transformation of the Horndeski Action
The concise formula (3.9) together with the vanishing of R̂c −Rc in the superhorizon limit
motivates us to go further into a search for a general class of scalar-tensor theories by using
the transformation (1.2). Here we examine transformation properties of the Ricci tensor,
scalar curvature and the derivatives of the scalar field in order to see what the general class
of theories would look like, although the stability problem has to be left open.
4.1 Toward a more general class of scalar-tensor theories
The Horndeski action consists of four sub-Lagrangians concomitant of the combinations of
metric, a scalar field, and derivatives thereof, yielding second order equation of motion [28].
Following current literature’s notation we may write the action as
S =
∫
d4x
√−g (L2 + L3 + L4 + L5) , (4.1)
where
L2 = P, L3 = −G3φ, L4 = G4R+G4,X [(φ)2 − φ;µνφ;µν ],
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L5 = G5Gµνφ;µν − 1
3!
G5,X [(φ)
3 − 3(φ)φ;µνφ;µν + 2φ;µαφ;ανφ;µν ], (4.2)
with φ = gµνφ;µν , Rµν is the Ricci tensor, R is the scalar curvature, Gµν is the Einstein
tensor, and the functionals P, G3, G4, and G5, generally depend on (X,φ). In the pursuit of
formulating viable theories of dark energy and addressing other unexplained puzzles beyond
what could be satisfactorily accounted for by general relativity in cosmology, the Horndeski
action, many of its extensions, and hybrid formulations, have been actively studied [27] and
are still being pursued by serious researchers in the field. Nowadays, we know that L4 and L5
are strongly constrained [48–52] based on the measurement of the gravitational wave signal
GW170817 [46, 47].
Having said this, we take our freedom to present some insights into the transformation
of the Horndeski action under our version of extended disformal transformation. In so do-
ing, the intent is not necessarily to provide light into a new and more satisfactory theory
overshadowing the present content. In fact as we shall see, the transformed Horndeski action
has instability issues; in the absence of suitable constraint(s) or conditions, the undesirable
mode(s) corresponding to the presence of ghost(s) may be inevitable. Having established
however, that the primordial cosmological perturbations are invariant in the superhorizon
limit at least within the framework of the full Horndeski theory (the main object of this
work), we are driven by curiosity to at least have a peek on what this transformation could
do on this theory. We leave investigations to take a deeper look into this matter for future
studies. Although it may currently look bleak from afar, we are inspired by the original work
on the cosmic inflation theory [1, 53] presented while being aware of its problem on the perco-
lation of the inflating bubbles of spacetime. This theory of inflation was later complemented
by works on slow-roll inflation [6, 55] effectively eliminating the problem of properly ending
inflation. We also recall the massive arbitrary spin, in particular, massive spin 2 field the-
ories developed in [54], whose interacting version was found to suffer from pathologies such
as ghost and discontinuity with general relativity in the zero-mass limit. This discontinuity
problem was later overcame through consideration of non-linear effects [56], and a group of
physicists constructed a ghost-free massive gravity in a successful way [57, 58] (see also Refs.
[59, 60]).
4.2 The Ricci tensor under the transformation
The Horndeski action with its generality far overshadows the simplicity of a single-term La-
grangian in the Einstein-Hilbert action (excluding the matter term). Even under the special
disformal transformation, gµν → ĝµν = A(φ)gµν + B(φ)φ;µφ;ν , under which the Horndeski
structure is preserved, the resulting expressions for the terms in this action such as the Ricci
tensor and scalar curvature can be quite messy. With our modest aim in this section, we
focus our attention to the extended disformal transformation of the form given by
gµν → ĝµν = A(φ)gµν +B(φ)Φ;µΦ;ν where Φµ = C(φ)φµ +D(φ)Xµ. (4.3)
This is a special case of (1.2) where A,B,C, and D all depends on (φ,X, Y, Z). The inverse
of the disformal metric follows from the Sherman-Morrizon formula.
ĝµν = E2g
µν − E1E2ΦµΦν , (4.4)
where χ ≡ −12 gµνΦµΦν , E1 ≡ 1/(A − 2χ), and E2 ≡ 1/A. The quantity χ is a generalised
expression for X in the Horndeski action.
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With the disformal metric and its inverse at hand, we now proceed to derive the dis-
formal Ricci tensor R̂µν from the expression for the disformal Riemann tensor R̂
α
µβν . The
latter is given by a familiar equation involving Christoffel symbols, Γ̂αµν , now wearing a hat.
We have
R̂αµβν = −Γ̂αµβ,ν + Γ̂αµν,β − Γ̂ρµβΓ̂αρν + Γ̂ρµν Γ̂αρβ, (4.5)
where
Γ̂αµν =
1
2
ĝαβ (ĝβµ,ν + ĝνβ,µ − ĝµν,β) = Γαµν +Cαµν , (4.6)
with Cαµν being a tensor symmetric in the two covariant indices (µ, ν), defined by
Cαµν ≡ 12E2
(
A;νδ
α
µ +A;µδ
α
ν −A;αgµν
)− 12E1E2Φα(A;νΦµ +A;µΦν −A;βΦβgµν)
+
(
E2g
αβ − E1E2ΦαΦβ
)
(ΦµΦ[β;ν] +ΦνΦ[β;µ]) + E1Φ
αΦ(µ;ν). (4.7)
Pairs of indices inside a pair of square brackets and a pair of parentheses indicate anti-
symmetric and symmetric combinations respectively, namely, Φ[µ;ν] =
1
2 (Φµ;ν − Φν;µ) and
Φ(µ;ν) =
1
2 (Φµ;ν + Φ;ν;µ). Substitution from the equation above for C
α
µν in the equation
for Γ̂αµν and using the result in the relation for the hatted Riemann tensor, we find upon
contracting the indices α and β a rather lengthy expression for the Ricci tensor.
R̂µν = Rµν + E1Φ(µ;ν)αΦ
α + E1Φ(µ;ν)
[
Φα
;α + E1(Φ
αχ;α −A′E2χφ;αΦα)
]
− 12E1E22 ΦµΦν
[
Φα;βΦ
β(Φα;ρΦρ + 2χ
;α − 2A′φ;α) + χ;αχ;α − 2A′(A′X + φ;αχ;α)
]
+ 12E1E2Φα;(µΦν);βΦ
αΦβ + 12E1E2Φµ;αΦν;βΦ
αΦβ + 12E2Φµ
{
E1Φν;αβΦ
αΦβ
+ E1χ;ναΦ
α + E1Φν;αΦ
α[Φα
;α −A′E1E2φ;βΦβ(A− χ) +E1Φαχ;α]
+ A′E1E2(A− χ)Φν;αφ;α + E1Φα;ν(A′E2χφ;α − χ;α)−A′E1φ;ανΦα
+ (Φα;να − Φν ;αα)
}
+
{
(µ↔ ν)}
+ 14E1E
2
2Φ
α
[
χ;µ(3AΦν;α + 2χΦα;ν) + χ;ν(3AΦµ;α + 2χΦα;µ)
]
− 14A′E1E2
[
φ;µ(2Φν;α +Φα;ν) + φ;ν(2Φµ;α +Φα;µ)
]
Φα + E2(Φα;(µΦν)
;α)
− E1E2(A− χ)Φµ;αΦν ;α + E1E2Φ(µχ;ν)
[
Φα
;α −A′E1E2φ;αΦα(A− χ) + E1Φαχ;α
]
− 12A′E21E2(5A − 6χ)φ;(µχ;ν) + 14E21E22
[
7A2 − 4χ(A+ χ)]χ;µχ;ν
− E1E2φ;(µΦν)
{
E1E2φ
;αΦα[AA
′′(A− 2χ)−A′2(A− χ)] +A′Φα;α +A′E1Φαχ;α
}
+ 12E2gµν
{
A′E1Φ
α(φ;βΦ
β);α + E
2
1E2(φ;αΦ
α)2[AA′′(A− 2χ)−A′2(A− χ)]
+ 2E1E2X[AA
′′(A− 2χ) +A′2χ] +A′E1 φ;αΦα Φβ ;β −A′φ
+ A′E21 φ;αΦ
αΦβχ
;β +A′E1φ;αχ
;α
}
+ 12E
2
1E
2
2φ;µφ;ν
[
2Aχ(3AA′′ − 4A′2)− (A2 + 2χ2)(2AA′′ − 3A′2)]
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+ E1χ;µν − E1E2A′(A− χ)φ;µν + E1E2χΦα;νΦα;µ − 14E22Φα;µΦβ;νΦαΦβ. (4.8)
Here, the prime indicates differentiation with respect to the field φ. The expression on the
right hand side is symmetric with respect to the indices (µ, ν) confirming the symmetry of
R̂µν . Furthermore, we have checked
4 that the equation above for the hatted Ricci tensor
correctly reduces to that in Ref. [30] in the limit where ĝµν = A(φ)gµν + B(φ)φ;µφ;ν , saved
for some unintentional typographical errors in this reference and slight difference in notation.
The disformally transformed Ricci tensor is a sum of the original Ricci tensor and
terms involving A and scalar combinations of Φµ, its derivatives, and other derivative terms.
Needless to say, when the disformal term in the transformation given by (4.3) vanishes and
A = 1, all these additional terms vanish. Note that in the expression above for R̂µν , if we
assume that φ,X, and χ are all independent scalar fields, some terms on the right hand side
are suggestively third order in the derivative indices. To check this, we isolate these terms in
the expression below and perform some simplification.
E1 (Φ
αΦµ;(να) + χ;µν) +
1
2E1E2Φ
αΦµ
(
Φβ Φν;αβ + χ;να
)
+ 12E1E2 Φ
αΦν
(
Φβ Φµ;αβ + χ;µα
)− 12E2 Φµ(Φν ;αα − Φα;να)
− 12E2 Φν
(
Φµ
;α
α −Φα;µα
)
. (4.9)
Noting that Φµ ≡ C(φ)φ;µ +D(φ)X;µ we find
Φµ;ν = Φν;µ − S˜µν , where S˜µν ≡ D′(φ) (φ;µX;ν − φ;ν X;µ). (4.10)
By further using the definition of the Riemann curvature tensor in terms of covariant deriva-
tives, we can express all of the above “third-order looking” terms as
E1 (Φ
αΦµ;(να) + χ;µν) = E1
[
ΦαΦβRµβαν − Φα;µΦα;ν +Φα
(
1
2 S˜µν;α + S˜αµ;ν
)]
,
1
2E1E2 Φ
αΦµ
(
Φβ Φν;αβ + χ;να
)
= 12E1E2 Φ
αΦµ
(
ΦβS˜βν;α − Φβ;νΦβ;α
)
,
1
2E1E2 Φ
αΦν
(
Φβ Φµ;αβ + χ;µα
)
= 12E1E2 Φ
αΦν
(
ΦβS˜βµ;α − Φβ;µΦβ;α
)
,
−12E2 Φµ
(
Φν
;α
α − Φα;να
)
= −12E2 ΦµS˜αν ;α,
−12E2Φν
(
Φµ
;α
α − Φα;µα
)
= −12E2 ΦνS˜αµ;α. (4.11)
Hence, taking φ,X, and χ as independent scalar fields, the disformally transformed hatted
Ricci tensor is second-order in the tensor derivative indices.
4.3 The scalar curvature under the transformation
The transformed scalar curvature can be obtained following the contraction of the hatted
inverse metric and the hatted Ricci tensor given above; i.e., R̂ = ĝµνR̂µν . We find
R̂ = E2R− 2E1E2 ΦαΦβRαβ + 12E1E22 Φα;µΦµΦα;βΦβ − 2E1E2 ΦβS˜ ;ααβ
+ E1E
2
2 Φα;βχ
;αΦβ + E22 Φα;βΦ
β;α − 2E1E22 Φα;βΦα;β(A− χ)
4The derivation of this equation is done by hand and checked using a Computer Algebra System.
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− A′(E1E2)2Φα;βφ;αΦβ(A− χ)−A′(E1E2)2χφ;αβΦαΦβ
+ 12E1E
2
2 Φα;βΦ
αΦβ
[
Φα;α −A′E1E2 (φ;αΦα)(A− χ) + E1 (Φαχ;α)
]
+ 12A
′E1E
3
2 Φα;βΦ
αφ;β(A− χ) +A′(E1E2)2Φα(φ;βΦβ);α(2A− 3χ)
+ 12(E1E2)
2(χ;αχ;α)(5A − 2χ)− 12A′E21E32(φ;αχ;α)(A2 + 7Aχ− 2χ2)
− 4(E1E2)3Xχ2
[
A′2(7A− 6χ)−AA′′(7A− 8χ)]+ E1E2(Φα;α)2
+ 4E31E
2
2 Xχ
[
A′2(4A− χ)−AA′′(6A− 7χ)]−A′E1E22(φ)(3A− 4χ)
− 12E21E32 (φ;αΦα)2
[
A′2(5A− 6χ)− 4AA′′(A− 2χ)]+ 12(E1E2)2(Φαχ;α)2
− E31 X
[
3A′2 − 2A′′(3A− 4χ)]+A′(E1E2)2(φ;αΦα)(Φα;α)(A − 4χ)
+ 12(E1E2)
2(Φαχ;α)(Φ
α
;α)(5A − 2χ) + 12A′E21E32(φ;αΦα)(Φβχ;β)(3A+ χ). (4.12)
The transformed scalar curvature is a sum of the original scalar curvature multiplied by
the inverse of the conformal factor, and terms involving A and scalar combinations of Φµ,
its derivatives, and other derivative terms. It reduces to the result in Ref. [30] in the
special disformal transformation, ĝµν = A(φ)gµν +B(φ)φ;µφ;ν , saved for some unintentional
typographical errors in this reference and slight difference in notation. Similar to that of
the hatted Ricci tensor, the hatted scalar curvature is at most second-order in the tensor
derivative indices if we take φ,X, and χ as independent scalar fields.
4.4 The derivatives of φ in the Horndeski action
The other terms in the Horndeski action involving covariant derivatives of φ are straightfor-
ward to transform. For instance, we find after a short calculation that
φ;µ̂ν̂ = φ;µν − Cαµν φ;α, (4.13)
φ;µ̂ν̂ = E2φ
;µ
ν − E1E2ΦµΦαφ;αν − E2Cαµνφ;α + E1E2ΦµΦαCβανφ;β,
̂φ = E2φ−E1E2ΦµΦνφ;µν − E2Cµννφ;µ +E1E2ΦµΦνCαµνφ;α,
φ;µ̂ν̂ = E2(g
µα − E1ΦµΦα)
(
E2φ
;µ
α − E1E2ΦµΦβφ;βα − E2Cβµαφ;β +E1E2ΦµΦβCρβαφ;ρ
)
,
where the hat in ‘; µ̂’ and ‘̂’, means the covariant differentiation is taken with respect to
the hatted metric ĝµν . From this set of equations, one can easily calculate terms involving
(̂φ)2 − φ;µ̂ν̂φ;µ̂ν̂ in L4 and (̂φ)3 − 3(̂φ)φ;µ̂ν̂φ;µ̂ν̂ + 2φ;µ̂α̂φ;α̂ν̂φ;µ̂ν̂ in L5. Similar to that of
the hatted Ricci tensor and hatted scalar curvature, these terms are at most second-order in
the tensor derivative indices if we take φ,X, and χ as independent scalar fields.
The fundamental scalar field in the original Horndeski action is φ accompanied by its
corresponding kinetic term X. Let us now hold off the assumption that φ,X, and χ are
independent scalar fields and consider only φ as our fundamental scalar field. Consequently,
if we expand the equations above for the hatted Ricci tensor and hatted scalar curvature
in terms of R,Rµν ,X, and derivatives of φ, derivative terms involving φ higher than two
appear. In the special disformal transformation employed in Ref. [30], there are also third-
order derivative terms in the intermediate steps leading to the transformed scalar curvature
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and Ricci tensor, but they are assimilated by Riemann/Ricci tensor (e.g., X;µν + φ
;αφ;µνα ∼
−Rµανβ + · · · ). The other residual third-order derivative terms are integrated away, in
combination with other transformed terms in the Horndeski action. For the case at hand,
this is highly unlikely to happen as even making A or B depends on X in the transformation
gµν → ĝµν = A(φ)gµν +B(φ)φ;µφ;ν , can spoil the Horndeski structure.
For the functional derivatives in the original Horndeski action, G4,X and G5,X , we hit
a stumbling block when transforming them under (4.3). The relationship between X̂ and X
is no longer invertible as in the special disformal transformation; in particular,
X̂ =
2AX + 2D2XX ;αX;α +D
2(φ;αX;α)
2
2A(A − 2C2X + 2CDφ;αX;α +D2X ;αX;α) . (4.14)
The right hand side is not a functional of (φ,X) alone but includes their derivatives. We
cannot easily compute ∂X/∂X̂ given this equation only without any additional conditions or
assumptions.
In addition to this, the integral measure in the action involves derivative terms φ;αX;α
and X ;αX;α coming from the transformation of the determinant of the metric. In particular,
under (4.3) we have√
−ĝ d4x = A 32 [A− 2(C2X − CDφ;αX;α − 12D2X ;αX;α)]
1
2
√−g d4x. (4.15)
Because the coefficient of
√−g d4x on the right hand are not functional of (φ,X) alone,
employing integration by parts in an attempt to remove some derivative terms or in dealing
with residual derivative terms in the construction of Riemann/Ricci tensor, is unwieldy.
In an attempt to make progress, let us suppose that we can perform series expansions
for X̂ and
√
−ĝ and decompose them as
X̂ = X̂s +
∞∑
n=1
[
cn(φ
;αX;α)
n + dn(X
;αX;α)
n
]
,
√
−ĝ =
√
−ĝs +
∞∑
n=1
[
pn(φ
;αX;α)
n + qn(X
;αX;α)
n
]
, (4.16)
where cn, dn, pn, and qn are functionals of (φ,X) only, and
X̂s =
X
A− 2BX and
√
−ĝs = A
3
2 (A− 2BX) 12√−g. (4.17)
The two terms X̂s and ĝs are the special disformal limit when Φµ = Cφ;µ+DX;µ →
√
Bφ;µ.
With this decomposition we may also decompose the transform functionals P̂ , Ĝ3, Ĝ4 and
Ĝ5, and the derivatives G4,X and G5,X , into their respective special disformal limit plus
terms involving φ,X, φ;αX;α,X
;αX;α, and other higher-order derivative terms. We may then
express the transformed Horndeski action as a sum of actions of Horndeski form SH, and
another one SB (beyond Horndeski), involving derivative terms higher than two. The latter
has the general dependencies given by
SB = SB{φ,X, φ;αX;α,X ;αX;α, R,Rµν , Rαµβν ,higher order derivative terms}. (4.18)
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Following (4.16), SB contains powers of φ;αX;α and X ;αX;α. The problematic terms
include (but not limited to)
f(φ,X)(φ;αX;α)
n and h(φ,X)(X ;αX;α)
n (4.19)
where f and h are coefficient functions in the expansion in terms of powers of φ;αX;α and
X ;αX;α. Computing the Euler-Lagrange equations for these two, we find(
∂
∂φ
−∇µ ∂
∂φ;µ
+∇µ∇ν ∂
∂φ;νµ
)
[f(φ;αX;α)
n] = · · · − n(n− 1)f(φ;αX;α)n−2φ;βφ;µφ;νX;βµν ,
(
∂
∂φ
−∇µ ∂
∂φ;µ
+∇µ∇ν ∂
∂φ;νµ
)
[h(φ;αX;α)
n] = · · · − 4n(n− 1)h(X ;αX;α)n−2X ;βX ;µφ;νX;βνµ
− 2nh(X ;αX;α)n−1φ;µX;µ, (4.20)
where we have only written the highest order derivative terms. In this case, for the two
equations above, the order of derivative goes up to four for φ. And generalizing A and B
in (4.3) to have an additional dependence on (Y,Z) will only make matters worse both for
the equation of motion and the transformation of the Horndeski action. In Ref. [42], the
authors presented all degenerate higher order scalar tensor theories beyond Horndeski up to
cubic powers of second-order derivative of φ in the action. Following the expansion given by
(4.16) and its consequence on the transformed Horndeski action, we find upon performing
integration by parts powers of second-order derivative of φ higher than three. Moreover, de-
generacy analysis following the logic in Ref. [40] is indicative that the transformed Horndeski
sub-Lagrangians are non-degenerate. At the moment there is no easy solution in sight for
the resulting Ostrogradsky instability and ghost(s) in the field quantization. We leave it for
future work to look into the possibility of finding constraints to remove undesirable modes
in the transformed Horndeski action. In addition to this, there may be some special forms
of the functionals P,G3, G4, and G5 so that the transformed Horndeski action is degenerate
in nature. Finally, if these are found not probable, we may content ourselves with the idea
that SH + SB is an effective field theory. Provided that φ;αX;α and X ;αX;α are both suffi-
ciently small, we may truncate the series expansions involving them in SH + SB, eliminating
derivative terms negligible at sufficiently low energies.
5 Summary
In the present paper we have introduced the general extended version of the disformal trans-
formation, (1.2), of the spacetime metric and have investigated its implications in the pri-
mordial cosmological perturbations. Our new transformation is more general and looks more
involved than the special one (1.1) that has often been discussed in literature. Nevertheless,
we have pointed out a very simple fact: the cosmological tensor perturbation is invariant
under (1.2) and the scalar (curvature) perturbation receives modification that depends only
on the conformal part A to linear order, as shown in (2.14). Since A is a general functional of
φ, X, Y and Z, the modification of the scalar perturbation under (1.2) looks still awkward to
deal with in terms of ϕ and δφ. We have, however, noted that something peculiar happens if
we rewrite the modification in terms of the gauge-invariant comoving density perturbation ǫm
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in (3.8). Equation (3.9) is the resulting transformation formula of the curvature perturbation
which is a combination of ǫm and ǫ˙m. Since ǫm and ǫ˙m both vanish in the superhorizon limit
we can conclude that the curvature perturbation is invariant in the same limit under (1.2),
within the framework of the full Horndeski theory.
The invariance of the curvature perturbation on the superhorizon scale is so nice a
property that we cannot resist contemplating and searching for a broader class of scalar-tensor
theory with the help of (1.2) than beyond what has been considered in literature. On applying
the transformation (1.2), however, we immediately encounter higher derivative terms of the
scalar field φ, and the central concern here is how to avoid the Ostrogradsky instability.
Bearing the instability problem in our mind, we looked into the transformation formula of
the Ricci tensor, scalar curvature, and the derivatives of φ. As discussed in connection with
(4.11), it is extremely curious that some of the third-order derivative terms involving X and
χ, when combined together, are reduced to second-order derivatives. Although we cannot
say anything definite any further at present, this gives us a compelling reason to search for
more general scalar-tensor theories.
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